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In a recent paper Davis et al. make the counter intuitive assertion that a galaxy held ‘tethered’
at a fixed distance from our own could emit blueshifted light. Moreover, this effect may be derived
from the simplest Friedmann-Robertson-Walker (FRW) spacetimes and the ΩM = 0.3, ΩΛ = 0.7
case which is believed to be a good late time model of our own universe.
In this paper we recover the previous authors’ results in a more transparent form. We show how
their results rely on a choice of cosmological distance scale and revise the calculations in terms of
observable quantities which are coordinate independent. By this method we see that, although such
a tethering would reduce the redshift of a receding object, it would not do so sufficiently to cause the
proposed blueshift. The effect is also demonstrated to be much smaller than conjectured below the
largest intergalactic scales. We also discuss some important issues, raised by this scenario, relating
to the interpretation of redshift and distance in relativistic cosmology.
I. INTRODUCTION
The homogeneous and isotropic expansion of the uni-
verse is described by the FRW spacetimes3. In these
models we may construct a comoving frame in which the
spacetime of general relativity is treated as expanding
whilst matter is, on average, at rest. If we wish to study
independently dynamical objects within such models we
should like to quantify the effect of imposing such a cos-
mological background. We follow Davis et al.1 and con-
sider the extreme case where a galaxy is endowed with
sufficient peculiar velocity to escape the universal expan-
sion, or Hubble flow, and remain at a fixed distance from
a comoving observer. We study how light from such
a galaxy would be redshifted and modify the previous
calculations which suggest that a receding source could
be significantly blueshifted. We show that such effects,
though present, are not as great as was previously sug-
gested and only apply at very large distances for which
we would not expect proportionally large peculiar veloc-
ities. Throughout this paper we shall permit the term
redshifted to include frequency shifts in which light is
negatively redshifted (blueshift). In particular, the con-
dition for light to be received with zero redshift implies
that it is observed at emission frequency.
In section II we review the ‘tethered galaxy problem’ as
posed by Davis et al.1. By removing the explicit redshift
dependence from their calculations we recover their re-
sults as a combination of cosmic redshift and the special
relativistic Doppler shift. We are thus able to demon-
strate why the peculiar velocity required in cancelling
the cosmic redshift does not correspond to that proposed
to tether a galaxy against the Hubble flow.
We then discuss two problems with this formulation
of the problem. Firstly we note that the peculiar veloci-
ties do not correspond to a quantity we might regard as
worldline velocity except in the special relativistic limit.
In section III we construct a general relativistic condition
on the 4-velocity of a luminous particle in order that light
is received at the fixed spatial origin without redshift.
Secondly, in section IV we discuss the limitations of
the distance scale used in the original formulation. Using
this measure we show that, for the Milne model under a
coordinate transformation, the problem does not, as we
might expect, agree with the analogous system in special
relativity. Full calculations for this example appear in the
appendix. Motivated by this we propose recasting the
problem in terms of a theoretically observable quantity,
the radar distance.
We construct this new scenario in section V and pro-
pose a method for solving the system. In section VI we
compare the phenomenological results with a physical
model. We see that the effects of the tethered galaxy
problem persist although they are comparatively small
below scales of 104 − 105Mpc.
II. THE TETHERED GALAXY PROBLEM
We consider FRW spacetimes governed by the metric
ds2 = −c2dt2 + a(t)2 [dχ2 + η2(χ)(dθ2 + sin2 θdφ2)] ,
(1)
where η = sinχ, χ or sinhχ when the curvature is
positively curved, negatively curved or flat respectively.
Field equations for such a universe dominated by matter
and the cosmological constant reduce to the Friedmann
equation3 for a(t). We express this equation in terms
of the normalised mass density ΩM = 8piGρM,0/3H
2
0
and cosmological constant ΩΛ = Λ/3H
2
0 so that k =
(ΩΛ +ΩM − 1) characterizes the curvature.
a′ =
da
dt
= H0
[
1 + ΩM
(
1
a
− 1
)
+ΩΛ(a
2 − 1)
]
. (2)
Following Davis et al.1, we consider radial motion in an
FRW universe. The metric (1) thus reduces to
ds2 = −c2dt2 + a(t)2dχ2. (3)
These authors define ‘proper’ distance, D = aχ, as
metric distance along the surfaces of homogeneity t =
const. We henceforth refer to this measure as comoving
2distance since it is defined in terms of the comoving co-
ordinate system. Treating all galaxies as test particles,
we invoke symmetry and choose our galaxy to reside at
the origin of the comoving radial coordinate χ. Other
galaxies then move at a rate,
D′ = a′χ+ aχ′, (4)
where ′ denotes differentiation with respect to cosmic
time, t.
A comoving galaxy, whose worldline is characterised
by χ′ = 0, can thus be considered to retreat from us with
velocity vrec = a
′χ. This recession of comoving observers
is commonly referred to as the Hubble flow. Davis et al.1
propose ‘tethering’ the galaxy, with a peculiar velocity
vteth, in order to maintain constant comoving distance,
i.e.
D′ = vrec + vteth = 0. (5)
χ′ is therefore chosen to satisfy vrec = −aχ′.
The authors then suggest that one might expect light
emitted by this galaxy to arrive without change in its
wavelength, as would certainly be the case in Newtonian
cosmology. They then proceed to rebut this conjecture
by imposing a zero redshift condition on the worldline
of the galaxy and showing that this is not, in general,
consistent with the fixed comoving distance condition.
Furthermore they find nonlinear relations between the
peculiar velocity required to cancel cosmic redshift, vpec,
and that which acts as a ‘tether’ to the galaxy, vteth,
parametrising each as a function of redshift. We now re-
cover their results by a more direct method and highlight
problems with this approach.
In general relativity cosmological redshift is usually
viewed3 as an effect of the expansion of space on the
wavelength of light. For two comoving observers in an
FRW universe the redshift of a light signal, emitted at
tem, is given by
1 + zrec =
a(tobs)
a(tem)
. (6)
We wish to endow the galaxy with a peculiar radial
velocity sufficient to cancel this redshift. Davis et al.1 in-
voke the special relativistic Doppler shift3, characterised
by
1 + zpec =
(
c+ vpec
c− vpec
) 1
2
, (7)
and demand that the two effects cancel,
(1 + zrec) (1 + zpec) = 1. (8)
Combining (6),(7) and (8) we obtain
vpec =
c(a2em − a2obs)
a2obs + a
2
em
. (9)
This is not, in general, the same as vteth = −a′χ and
it is this result which appears implicitly in the paper of
Davis et al.1. In Appendix C we recover the relation-
ships vpec = f(vteth) analytically for the cases of the
Milne cosmology (ΩM = ΩΛ = 0) and the flat matter
(ΩM = 1,ΩΛ = 0) and cosmological constant dominated
(ΩM = 0,ΩΛ = 1) FRW models. There are two issues
to be raised with the argument above. Firstly there is
a technical problem with applying equation (7) to FRW
models. vpec, as defined above, does not correspond to a
quantity we might treat as worldline velocity. We shall
see this from the general relativistic argument of the next
section. Secondly we note that the comoving distance
used here is not the only distance scale one could choose
and, in particular it does not correspond to an observable
quantity.
In section IV we shall see that ‘tethering’ a galaxy at
a fixed value of D does not coincide with what we might
expect from special relativity in the case of an empty
FRW model. Hence we suggest that this distance mea-
sure is misleading when used in the ‘tethering’ problem
and we propose a more suitable alternative in section V.
III. ZERO REDSHIFT CONDITION
Equation (7) is derived for the Minkowski space of spe-
cial relativity3 in which vpec can be interpreted, in the ob-
vious way, as velocity with respect to the inertial frame
of our stationary observer. If we choose to employ this
result in a general relativistic model, however, we must
accept that vpec will not, except in the Minkowski limit,
correspond to the conjectured velocity vteth = −aχ′ in
comoving coordinates. This method, therefore, fails to
give a meaningful description of zero-redshifted observers
in FRW cosmology. We now outline the general relativis-
tic version of this argument from which we can recover
the 4-velocity of a zero-redshifted observer and hence the
corresponding worldline.
The frequency of a light signal with wave vector ka
measured by an observer with 4-velocity ua is given by5
ω = −kaua. (10)
Therefore, in order that the signal is received at its emis-
sion frequency by a second observer, whose 4-velocity is
va, we require ωobs = ωem, hence
kau
a|tobs = kava|tem . (11)
We again consider an FRW universe with the observer
at the origin of comoving coordinates, ua = (1c , 0, 0, 0),
and a radial light signal, ka =
(
1
a ,
−c
a2 , 0, 0
)
. Equation
(11), with the normalization condition vava = −1, may
be solved for the radial 4-vector va =
(
t˙, χ˙, 0, 0
)
, where
dot denotes differentiation with respect to an affine pa-
rameter. This gives the following equation for the gra-
dient of the zero redshift worldline in comoving coordi-
3nates;
dχ
dt
=
vχ
vt
=
c
aem
(
a2em − a2obs
a2em + a
2
obs
)
. (12)
For models in which the Friedmann equation (2) may
be solved analytically for a(t) we can integrate back along
the light ray
χem = c
∫ tobs
tem
dt
a(t)
, (13)
and express tobs = tobs(tem, χem). We may then write
(12) as an ordinary differential equation in (tem, χem) for
the worldline of the zero redshifted observer.
IV. DISTANCE MEASURES IN FRW
COSMOLOGY
When dealing with relativistic systems it is often use-
ful to think in terms of invariant quantities rather than
those which depend on some particular observer, coor-
dinate system or frame of reference. Working in terms
of observer dependent quantities can give rise to para-
doxical conclusions. The distance D = a(t)χ, as defined
in section II, is a logical choice when working with the
comoving coordinates (t, χ). Indeed, the following ar-
gument gives a strong impression that it relates to an
observable quantity.
Weinberg6 appeals to a chain of comoving galaxies ly-
ing close together on the line of sight between ourselves
and a distant galaxy in an FRW universe. Synchronising
clocks to cosmic time t, observers in each galaxy each
measure the distance to their neighboring galaxies. The
comoving distance is then the limit of the sum of these
distances,
D(t) =
∫ χ1
0
√
gχχdχ =
∫ χ1
0
a(t)dχ = χ1a(t), (14)
Davis et al.1, following Rindler3 further assert that the
comoving astronomers in this chain should each lay rulers
end to end to achieve this measurement. However, we
should not allow ourselves to be carried away by this
image. In Newtonian physics the idea of laying down a
ruler between some pair of points in space makes perfect
sense, regardless of whether the scales involved make it
physically practical. In general relativity, however, we
cannot typically define such an idealized rigid body to
act as a ruler (see Trautman4) neither could one hope to
obtain the infinite number of observers needed to obtain
the limit in Weinberg’s gedanken experiment. We sug-
gest here that comoving distance should be regarded as a
measure motivated by the coordinate choice rather than
an observable quantity.
Consider now the tethered galaxy problem in the Milne
universe. This is the empty case of FRW with zero cos-
mological constant (ΩM = ΩΛ = 0) for which a(t) =
H0t/t0 = A0t. The coordinate transformation
(T,X) =
(
ct cosh
(
A0χ
c
)
, ct sinh
(
A0χ
c
))
(15)
reduces the line element to that of (1 + 1) Minkowski
space, ds2 = −dT 2+dX2. In these coordinates geodesics
take the form of straight lines and special relativity holds
at all scales. We would expect to define a tethered
galaxy as moving along one of the timelike geodesics
X = constant. Indeed light received from such a galaxy
would be seen with zero redshift. However, the family of
observers defined by D′ = 0 follow trajectories
A0tχ = (T
2 −X2) 12 tanh−1
(
X
T
)
= constant. (16)
Such observers are not seen with zero redshift and the
tethering condition does not correspond to the fixing of
distance we would expect from special relativity.
Another choice of distance scale would be to measure
metric distance along spatial geodesics. Here, since our
aim is to obtain a relationship with an observable quan-
tity, the redshift of a light signal, we choose a distance
measure which is itself the result of an experiment. Radar
distance, as discussed in the following section, fulfils this
criterion as well as reproducing the expected results for
the tethering problem in the Milne case.
V. TETHERING WITH RADAR DISTANCE
Radar distance3 is calculated by measuring the proper
time between emission at τ ′obs and observation at τobs of
a light signal reflected from a distant object
drad =
τobs − τ ′obs
2
, . (17)
For a comoving observer χ˙ = 0 in an FRW universe,
as is considered in the tethering problem, cosmic time
t is equivalent to proper time τ . We now proceed to
investigate the dynamics of a galaxy tethered at fixed
radar distance in the comoving coordinates.
Following Jennison and McVittie2 we consider a light
signal emitted from an observer at the spatial origin at
time t′obs, received by the second observer at tem, imme-
diately reflected and returned to the first observer at a
time tobs. The path of such a light ray, in (t, χ) coordi-
nates, is illustrated in figure 1.
Integrating along the light path on the outward and
return journey gives
χem = c
∫ tem
t′
obs
dt
a(t)
= c
∫ tobs
tem
dt
a(t)
. (18)
In order to tether the second observer, we demand
t′obs = tobs − 2drad, where drad is the constant radar dis-
tance. Equation (18) then provides a simultaneous equa-
tion in tem which can be solved for given tobs and drad.
4FIG. 1: Worldline of the light signal required to calculate radar
distance to an object
We thus recover χem as the solution to (18). For models
in which the Friedmann equation (2) may be solved ana-
lytically, we can obtain a parametric expression for (χ, t)
along the tethered worldline. Otherwise this worldline
can be approximated by interpolating the numerical so-
lutions (χ(tobs, drad), t(tobs, drad)) for fixed drad and vari-
able tobs.
VI. QUANTIFYING THE EFFECT OVER
INTERGALACTIC SCALES
We now have methods to compute the worldlines of
zero redshift observers and those tethered by comoving
and radar distance. The issue we must address is whether
these worldlines are fundamentally different and how
such differences manifest themselves on cosmic scales.
Our premise, in section IV, for preferring a radar dis-
tance tether was that it coincides with the zero redshift
condition for the Milne model whereas a comoving tether
does not. In general, however, all three conditions pro-
duce distinct worldlines. A simple example of this is the
matter dominated universe, a(t) ∝ t 23 . We plot this case,
along with the Milne model, in figure 2. Here we have
set the cosmological parameters c, H0 and t0 to unity.
Having established that there is a phenomenological
difference we now quantify this for the case of galax-
ies, at typical astronomical distances, tethered by radar
distance. We consider a flat universe dominated by the
cosmological constant for which a(t) = eH0(t−t0) and an
observer who receives a signal from a radially tethered
galaxy at the current time, tobs = t0. Since aobs = 1, we
may deduce from (18) that
aem = βaobs = β =
c
χemH0 + c
(19)
in terms of the comoving coordinate at emission, χem.
We then follow the method of section V to obtain the
FIG. 2: Worldlines demonstrating the phenomenological differ-
ences between the zero redshift condition and the two notions of
tethering. In the Milne model the zero redshift and fixed radar
distance worldlines coincide.
worldline (tem, χem) and hence the velocity
χ˙
t˙
=
dχ
dt
=
c(β − 1)
β
. (20)
Solving the normalization condition vava = −1 for the
4-velocity of the galaxy va = (t˙, χ˙, 0, 0) gives
t˙ =
1
c
(β(2 − β))− 12 . (21)
Finally we combine this with (10) and express the ob-
served redshift as a function of the comoving separation
at emission,
ωem
ωobs
=
caobst˙+ aemaobsχ˙
aem
, (22)
z =
ωem
ωobs
− 1 = 1√(
c
H0χem
+ c
)(
2− cH0χem − c
) . (23)
In figure 3 we plot this redshift compared to that of a
particle following the Hubble flow at the same emission
point.We see that the redshift difference is comparatively
small below an initial separation of around 104Mpc. We
also note that the differences between the tethering con-
dition and zero redshift (horizontal axis) become appar-
ent at this scale. This is typical of the general case where
we include suitable values for the cosmological parame-
ters. In particular this includes the model ΩM = 0.3,
ΩΛ = 0.7, which is seen as the best fit FRW model for
our universe. We should note that in figure 3 the comov-
ing tether is coincident with the radar distance tether.
This is a feature of the ΩM = 0, ΩΛ = 1 model and is
not generic in FRW models. For example, in the Milne
case, tethered particles starting together at (t0, 10
4Mpc)
would differ in comoving position by around 16% after
5Gyr.
5FIG. 3: Redshift of a tethered galaxy as compared to that of a
galaxy following the Hubble flow at emission for initial separations
in the range 1Mpc− 105Mpc. χ is plotted logarithmically.
VII. SUMMARY
In this paper we have recast the tethered galaxy prob-
lem in terms of radar distance and a redshift expression
derived from 4-velocity. Consequently, we now obtain a
result for the empty FRW model which agrees with spe-
cial relativity. Furthermore, since all of our results are
expressed in terms of observables directly related to the
galactic worldlines, we can directly quantify the physical
effect. We show that the act of tethering a galaxy against
the expansion of an FRW universe results in a greatly re-
duced redshift when compared to a coincident comoving
source. Moreover this effect is only apparent at large as-
tronomical scales and thus is unlikely to influence nearby
systems for which we might expect to observe peculiar
velocities comparable to those resulting from the Hubble
flow. We should note also that these results do not pre-
dict blueshifted tethered sources in a physical expanding
FRW universe.
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IX. APPENDIX
The calculations in A and B show that, for the Milne
universe, conditions for an observer to move at fixed
radar distance from the origin and to emit light with zero
redshift are equivalent. This agrees with the argument
of section II where we observed that the Milne universe
may be transformed into a subset of Minkowski space in
which the equivalence can be seen trivially. In C we re-
cover the results of section III in the paper of Davis et
al.1. This calculation may be compared with Appendix
C of that paper. This is where the original assertion that
tethered galaxies could appear significantly blueshifted
arises.
APPENDIX A: FIXED RADAR DISTANCE IN
THE MILNE UNIVERSE
As in section IV we consider the empty FRW model in
which the scale factor may be written a(t) = H0t/t0 =
A0t. A photon is emitted at t
′
obs, reflected by the tethered
galaxy at tem and observed at tobs. Along null geodesics
ds2 = 0 so we characterize the path of a photon by
χ = c
∫ tem
t′
obs
dt
a(t)
= c
∫ tobs
tem
dt
a(t)
. (A1)
If we require the radar distance to remain fixed for all
times then
tobs − t′obs = 2d. (A2)
Combining (A1) and (A2) we obtain the relation
t2em = tobs(tobs − 2d), (A3)
which we substitute into the right hand side of (A1),
χ =
c
A0
(ln(tobs)− ln(tem)) . (A4)
Rearranging (A4) to tobs = e
χA0/ctem and combining
with (A3) gives an expression t(χ) for the worldline for
the galaxy tethered by constant proper distance,
tem =
2d
sinh(A0χc )
. (A5)
This is precisely as we would expect from (15) where
we hold X constant and set 2d = Xc .
APPENDIX B: ZERO REDSHIFT IN THE MILNE
UNIVERSE
Equation (12) tells us that
dχ
dt
=
c
A0tem
(
(A0tem)
2 − (A0tobs)2
(A0tem)2 + (A0tobs)2
)
. (B1)
(13) then gives
χ = c
∫ tobs
tem
dt
a(t)
=
c
A0
(ln(tobs)− ln(tem)) , (B2)
6and hence
tobs = teme
A0
c
χ. (B3)
Combining these two formulas gives us
dχ
dt
=
c
A0tem
(
1− e 2A0χc
1 + e
2A0χ
c
)
=
c tanh
(
A0χ
c
)
A0tem
, (B4)
and this agrees with what we get by differentiating (A5).
APPENDIX C: ANALYTIC FORMS OF
vteth = f(vpec) FOR SIMPLE FRW MODELS
From section II we consider vteth = −a′χ = A0χ. We
again use equation (A4) and see that
tem = tobse
vteth
c . (C1)
Substituting into equation 9 then gives the relation
vpec = c
1− e vtethc
1 + e
vteth
c
= −c tanh
(vteth
c
)
. (C2)
The results for the flat matter dominated and cosmo-
logical constant dominated universes may be recovered
by the same technique;
vpec =
1− (1 − vtethc )2
1− (1 + vtethc )2
. (C3)
and
vpec = −
16− (2 + vtethc )4
16 + (2 + vtethc )
4
. (C4)
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